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Inverse trigonometric functions T

1. The domains and ranges (principal value branches) of inverse trigonometric functions are

given in the following table:

Functions Domain Range (Principal Value Branches)
y = sin™x -1, 1] =3
}’ZCDS_.—K [_11 1] |: [:]:'.‘T]

_ - T
v=cosec X R-[-1, 1] B 0
y=seclx R-[-1, 1] [0.7-{3}

mm

}'=tan_1x R |:_EE:|
}'=cut_;x R [U='-'T]

2. sin'’x should not be confused with (sinx). In fact, (sinx)™! = ﬁAnd similarly for other

trigonometric functions.

3. The value of an inverse trigonometric functions which lies in its principal value branch is

called the principal value of that inverse trigonometric functions.
4. For suitable values of domain, we have

o y=sinlx=x=siny

® =N )y=vV = stk

® sin (ﬁin_; i)=x

° sin™" (sin x)=x
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.1 1 -1
g1 — =C0s5ec X

]

cos™ (—x)= T—cos ' x

cos

SeC

sin™* (—=x)= —sin"' x

- {—x}=—tan_1x
-1 -1 T
® tan ~x +cot x=5

cosec” (—x)=—cos ecx

-1 -1
cosec X+sec xX= 3

=1 -1
® sSin X +Cos x=5

cos™ x4+ ocos ™y = cos™! (Iy— V1-22/1—y )

-1 -1x+y

e fan "X+t =tan
l—xv
_ - 1X—Y
o tan 'x—tan 1}'=tﬂn R
1+xv
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tan~'x + tan~'y + tan—'z = tan~" (
%in~lz = sin~? (2:{1 _ IZ)

2cos 'z = cos?! (2:2 — 1)

2z 2
Han " lx = sin~! (—) - g fl-x . -1 2z
° 1+ 22 €08 1122 = tan = /=

3sin~ 1z = sin™? (3.-1.- — 4.1.-3}

l—xy—yz—2zx

1-— 2 1 1
tan—1 = cot ! = sec =cosec 1=
., Sin lr —cos™1y/1— x2- - T 1—z2 T
“14/1 — z2 T 11 1
tan = cot—1 —sec — —cosec T
cos lr =sinty1 —x2_ T — 2 T —x?
[ ]

-1 — -1 ]. -1 —1 ]_ —I— .'I.'2 ].

tan x = sin €os = sec 1+ 22 = g —cot—1=

. V1 + 22= 1+a2 e r T

° ]. ‘I‘ .'1'2: ]. ‘I‘ .'I.'2 J£I
T _ _ 1 2 —1 -11
- -1 VT ! cot ! = sin~ ! —0S — = cosec L L
. sec r =tan 1 _ 2 1 T T m
- 1 -1 r2—1
-t 1l ogan™ —cot 122 —1 = sec =cos!
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a2 — z2 a
° -1 a T
tan = coSec™ 1=
2 — g2 a
—1 f r
x? — g2 a
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X
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X
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mw\mlu = aduey ‘Y = urewo(] ‘X, uej = £ (a)
%M%l [ 0] = a8uey (1T-)=y = urewo(y "X, 23s = A (A1)
% ,%&
{0}— ﬁm\mlg = a3uey (I'T-)—Yy = urewo(J "X, 23500 = A (1)

[z ‘0] = a8uey [11-] = urewo( "x, s0d = A (1)

C,C o .
ﬁm ngu aduey ‘[1'T-] = urewo( "x, uis = £ (1)
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Multiple Choice questions-

'x + cos™ VIS

LIFsin x+sin"y= %ﬂ then the value of cos”
(3)
(b)
(c)

(d)m

by co|y m|‘:j_‘.|-'

2. tan™ (V3) - sec(-2) is equal to:
(@)
(b)
(c)
(d)

|5
w3

[

=1
3

3. cos™ (cos %} is equal to

6
4.sin(§ - sin'j[-%}} is equal to
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5. tan V3 - cot'*{-“u"B) Is equal to

(d) 2V3

6. sin (tan™ x), |x| <1, is equal to

B

(c) e
(d) —=

V142

7.sin7 ([l — 2ty = % then x is equal to

8. tan™ {%} = tan i—;y is equal to

o
S E R B

2]
5

——

L -3

T T m e
W
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9. The value of 5in'1{c05( =

(8) 3F
[t]] —T7m

5

10. The principal value of the expression
cos™ [cos (-680°)] is

() %*

) -7

Very Short Questions:

1. Find the principal value of sin-1 ( %)
2. What is the principal value of:
cos-1 (cos 2?“ +sin-1 (sin 2?ﬁ)?
3. Find the principal value of:
tant (v3)- sec? (-2). (A.I.C.B.S.E. 2012)
4. Evaluate:tan? (2 cos (2 sin™?( % )
5. Find the value of tan’}(v3) - cot}(-v3). (C.B.S.E. 2018)
6. If sint (g) +cos™x =, then find x. (C.B.S.E. 2010C)

7. Ifsec? (2) + cosec? (y) = g, then find y.

8. Write the value of sin | g- sint( - % )]
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9. Prove the following: /g»mi Mathematics

cos {sin" % +cot™’ E] ..

2] s5f13°

10.1f tantx +tanty = E, xy < 1, then write the value of the x + y + xy (A.l.C.B.S.E. 2014)

Short Questions:

1. Express sin™

sin z-+cos =
(——=—)

V2
Where - g <x< g, in the simples form.
2. Prove that:
cos ! 2 +sin!3=sin1 % (AILCBSE 2019 CBSE 2010)
3. Prove that:
sin”! 8 +cos 1 4 = cos’ L(AICBSE 2019)

4. Solve the following equation:

tan~? (j—j}) + tan™! (’—;1) = tan~!(—7) (ALCB.SE. 2019;C)
5. Solve the following equation:

2 tan”'(sin x) = tan™ (2 sec x), x # 3 (CBSE. (F)2012)
6. Solve the following equation

cos (tan™ x) = sin (cot !

Ny X

\
(A.1.C.B.S.E. 2013)
7. Prove that

1]

o] =

3cos x=cos™ (4x3 - 3x), x €[

Long Questions:
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1. prove that

%sxstthen

1 1|z V3-3z2] s
COS T + CcOoS [2+—2 ]—3
2. Find the value of:
-1({z) _ -1(2%27Y
tan (y) tan (my)
3. Prove that:
% P | % W | gz 15
tan”(g)+tan” (5 )+tan (g)-ﬁ

i (2)- e (5)-5
2sin [5 @)

Assertion and Reason Questions:

1. Two statements are given-one labelled Assertion (A) and the other labelled Reason (R).
Select the correct answer to these questions from the codes(a), (b), (c) and (d) as given below.

a) Both A and R are true and R is the correct explanation of A.

b) Both A and R are true but R is not the correct explanation of A.
c) Aistrue butRis false.

d) Aisfalse and R is true.

e) Both A and R are false.

Assertion(A): A relation R={(1, 1), (1, 3), (3, 1), (3, 3), (3, 5)} defined on the set A ={1,3,5} is
reflexive.

Reason (R): A relation R on the set A is said to be transitive if for. (a, b) €ER and (b, c)ER, we
have (a,c)€ER.

2. Two statements are given-one labelled Assertion (A) and the other labelled Reason (R).
Select the correct answer to these questions from the codes(a), (b), (c) and (d) as given below.

a) Both A and R are true and R is the correct explanation of A.
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b) Both A and R are true but R is not the correct explanation of A.
c) Aistrue butRis false.
d) Ais false and R is true.
e) Both A and R are false.

Assertion (A): A relation R = {(a,b):|a-b| < 2}defined on the set A ={1,2,3,4,5} is reflexive.

Reason(R): A relation R on the set A is said to be reflexive if for (a,b) €R and(b,c)ER, we have
(a,c)eR.

Case Study Questions:

1.

Two men on either side of a temple of 30 meters high observe its top at the angles of
elevation a and B respectively, (as shown in the figure above). The distance between the two

men is 40v/3 meters and the distance between the first person A and the temple is 303
meters. Based on the above information answer the following :

(i) ZCAB

A) sin !
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(1) ZCAB = a =
A) cos ! (%)
B) cos ! (%)
C) cos : (?)
D) (4
cos =
(ili) ZBCA = B =
A) tan . <%)
B) tan ' (2)

(1v) AAWBC =
A) 1

s
~—

L= O
Wiy vy ol
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(V) Domain and Range of cos Ly =

A) (-1, 1), (0, m)
B) [-1, 1], (0, 7)
C) [—1, 1], [0, 7]

™
D) (_17 1) ) [_5’ E]
2. The Government of India is planning to fix a hoarding board at the face of a building on the
road of a busy market for awareness on COVID-19 protocol. Ram, Robert and Rahim are the
three engineers who are working on this project. "A" is considered to be a person viewing the
hoarding board 20 metres away from the building, standing at the edge of a pathway nearby.
Ram, Robert and Rahim suggested to the firm to place the hoarding board at three different
locations namely C, D and E. "C" is at the height of 10 metres from the ground level.

For the viewer A, the angle of elevation of "D" is double the angle of elevation of "C". The
angle of elevation of "E" is triple the angle of elevation of "C" for the same viewer. Look at the
figure given and based on the above information answer the following :

E
D
C
10 m
A 5m A 20m B
(1) Measure of /CAB =
A) tan” ' (2)
1
=1 § =
B) tan (2)
C)tan ' (1)
D) tan ' (3)
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(1) Measure of ZDAB =

A) tan ' (%)

B) tan ' (3)

C) tan ! (%)

D) tan '(4)

(111) Measure of ZEAB =
A)tan ' (11)

B) tan 13

a2
C) tan (11)
D)tan_1 (%)

(iV) A' is another viewer standing on the same line of observation across the road.
If the width of the road is 5 meters, then the difference between ~C'AB and ZCA'B is
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(V) Domain and Range of tan lz = A._] Mathemat
A RY (_E I)
vy 2% 2
™
BYR , (——, _)
) 2 2
T
C) R, (—_, _)
) 2 2
vy
D) R, ({}, —)
) 2

Case Study Answers:

1.
(i) (b)
Solution:
B
30
o i]
A < 303 >Re— 107 — ¢
< 4003 >
AB? = (AD)? + (BD)? = (30/3)" + (30)?
— 2700 4+ 900 = 3600= AB =60 m
sin @ = oo _ 2 = a = sin ! -
~ AB 60 2 N 2
(ii) (c)
Solution:
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30

a B
A
303 >Re— 1057 —
403 >

A

.

B? = (AD)? + (BD)? = (30y/3)” + (30)?

= 2700 + 900 = 3600 = AB =60 m

AD 303 V3 (V3
— = 9 — @ — tan T

COS ¥ =

AB 60
(iii) (d)
Solution:
L/H” fR-c—'uI"—}'
W03

B? = (AD)’ + (BD)* = (30v/3)" + (30)°
— 2700 - 900 = 3600 = AB =60 m

BD 30 ;
tan b = — = — tan
=256 =19 5= f =v3= B (v3)
(iv) (c)
Solution:
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__.-v'?'
/f
/ |30
e .nﬁ‘
< 3043 »Re—10)3 —>
03

AB? = (AD)? + (BD)?* = (30v/3)” + (30)?
= 2700 + 900 = 3600= AB =60 m

L )
5i11::r:§:>a:3[}"';tan;9:\/§

= 8=060" . |[ABC + a+ = 180"
= |ABC +30° 4 60° = 90° = g

(v) (c)

Solution:

a r J'3L %
A = O
¢ 3003 »Re— 103 —

€ 403 >

AB? = (AD)? + (BD)? = (303)* + (30)°
— 2700 + 900 = 3600 = AB = 60 m

of cos 'z = [-1,1] Range of cos 'z = [0, =]
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(i) (b)
Solution:
Let| BAC =a and | BA'C = B... | BAC = 2a
10 1
and | BAE = 3aIn ABAC tana= — = —
20 2
— a = tan 1
B 2
(ii) (c)
Solution:
2tana 2 X %

We know that tan 2a = S = 5
1 — tan“« 1 — (%)

| 4
— 2 _ HRoR taf | (—)
3 3
4
(iii) (d)
Solution:
3
3t — tan3 3R o [ L
Also tan 3a = i ta;l iac W & 1( 22)
1 — 3tan“« 1_3(5)
3 1 11
3 8 3 11 11
= 2 38 = f’ == 5 = 3a =tan ! (?)
1—-3 1
(iv) (b)
Solution:
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12
tana — t a—
tan(a—ﬁ)zlaﬂa an f3 _ 21 52
+ tan atan 3 1+ 5 x 2
- N ~ AB 25
(v) (c)
Solution:
n (-53)
2" 2

Answer Key-

Multiple Choice questions-

1.Answer: (b) %

Loy

2.Answer: (b) -

3.Answer: (b) —%

&N

4. Answer: (d) 1

5.Answer: (b) —%

z
V1+a?

7.Answer: (c) O

6.Answer: (d)

8.Answer: (c) g

9.Answer: (d) -;—g

10. Answer: (3) %ﬂ

Very Short Answer:

1. Solution:
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Hence, the principal value of sin™ ( % ) is %

2. Solution:

3. Solution:

n nn
tan~" (/3) gE['?']

2
sec™! (-2) = EE[{L E]‘{E}
3 2 2

— tan™ [ZcmE] o tan‘l(ll)
3 2

=tan~ (1)= 7.

A

5. Solution:

tan”'(v3) - cot™ (—V3)

no|H

—3- (- %) =-

6. Solution:
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o R
sin (§)+cos X=3
=>x=1/3
[sin”! x + cos™ x = 3

7. Solution:
sec”! (2) +cosec™ (y) = 5

=>y=2[vsec! x+cosec x= % ]

8. Solution:

sin[ Z -sin (5= )]

3 y.

—ain[ X in-1(¢ 1

= sin [_,3 + sin (..2 )]

[+ sin”' (-x) = -sin"'X]

—sin(EL X \-Bindk -

=sin( 3+ )78ing =1
9. Solution:

LHS = cus(sin 13 +cot™ E]
5 2

10.Solution:

We have tan” x + tan'y = %

x+y
=]—1}.

Iﬂ.ﬂ-l x+y i
ﬁ — —
4

1-xy
x+y
1—xy =

- T
—| n —
4

1 = x+y=1-xn
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Short Answer:

1. Solution:

) sinx+cosx ) W n
sin”!| —F=—|if - —<x<—

V2
il (sinx-L+cusx-L]if n{x::E
=51n ‘JE #{2_ g 4 4

. . n . mY
= sin™"! sm.xcusz+cosxsmz if

4
=sgin”! sin(x+£] if0< (x+£] < B
4 4 2

Le. principal value

T
=x+
4

2. Solution:

Let LHS=6.

. n sin o (2] 0™ (2)
= sineos (5o s 3)
vens ™ () s 3))

=J1&19123

— —_— +_.._
169 25 13 5
5 4 12 3 20 36 56

3T 138 e 68 68

56

cabied 25

= 6 = sin 5
Hence, cos™ E + sin™ é:sin'l if—'
13 5 65
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3. Solution: —
_ " -A. i -,] A
L.H.S =sin 17 TCOS™ ¢
PO O S |
=tan € + tan 1
B 3
a4 157 1 77 1 (36
= tan =tan  — = cot (—)
g5 i 36 77
15 4
=R.H.S
4. Solution:
1 =——|+tan™ [f_:.l]=mn_|(_-;}
X = X
x+1 x-1
+—
Rl . F S |
l_.:vf+1 x—1
x—-1 X

x(x+D+(x-1)° .
= x(x=-1=-(x*=1

=2x*-8x+8=0

>x*-4x+4=0

= (x-2)*>=0.
Hence, x = 2.
5. Solution:

2 tan’}(sinx) = tan (2 secx)

.y 2sinx
1-sin® x

= lan =tan! (2 sec x)

4 2sinx
;mn'(mszJ = tan™! (2 sec x)

= tan ! (2sec x tan x) = tan™ (2sec x)
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tanx=1[vsecx#0]

Hence, x=§
6. Solution:
We have:
cos (tan™ x) = sin (cot - '%)
cos (tan™ x) = sin ( si 7%)
cos (tan™' x) = %
tan™ x = cos™ %
=tan x=tan" '%
Hence X = %
7. Solution:

Put x =cos 6 in RHS
As1/2<x<1
RHS = cos™ (4cos® 0 - 3cos 0),

=cos? (cos 30) =38 =3cos? x=L.H.S

Long Answer:

1. Solution:
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= Cos~ x+cns“{—+
LHS 5 2

= cos™ x+cos™ I:% X+ \—?-.wl'l— xt ]

" T "
= B+cos '[cus;.cusﬂ +sin ?sm EI']

[Putting x = cos 0 so that V1—x? =5in )

— B+cos” lms[%—-@}]

mn n
=E+ __B =—=
(e

2. Solution:

tan”' | = [~ tan™! | ===
Y Xty

X x=Y

_l-x(x+:v}—:»'(x—?}}
= tan
_}r{.r+y}+x{.x—y}
.. 2
X ty=—xyty
= fan W
| xy+y" X" —xy
(42 442 .
= tan~! 7y | =t ()= 7.
LA
3. Solution:
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1 1
= tan™ vl _l_umq[_)
1 1 8
] ——x—
2 5
4 5+2 _1(1]
—tan ——+tan | =
10-1 8
1 a¥ta
o G o
8 1
1=—x—
9 8
456+9 (65 Forie
” I ) i
=RHS.
4. Solution:

2sin"(§] s sin"[z.E 1—3]
5 s‘J 25

{ 2sin”'x = sin” (2xy 1= x° }]

; _.[ 3 4] : _1(24]
=5n | 2X=x—=|=5sin""| —
5 5 25

24
= tan ‘(-;‘,—) A1)
Now, LHS = Esin"(i)- tan”’ [E)
5 31
(24 17 |
= tan T — tan i [Using (1)]
24 17
=1 ? 31 _1 ?4‘4_1]9
=M TR T =™ oirrans
I+ —x— +
7 731
625 b9
=tan” —=tan”'() = — =
625 an~ (1) 2 RHS.
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INVERSE TRIGONOMETRIC FUNCTIONS

Assertion and Reason Answers:
1. (d) Ais false and R is true.

Solution :

Given R =1{(1,1),(1,3),(3,1),(3,3),(3,5)}

We know that Relation 'R' is reflexive on set A if Ya€A,(a,a)ER
Here set A={1,3,5}

(1,1)€R,(3,3)€R

but (5,5)¢R

~R is not reflexive

~ Assertion A is false By definition of transition Relation, It is clear that given Reason R is true. Hence
option (d) is the correct answer.

2. (c) Alistrue but R is false.

Solution:

Given R={(a,b):|a-b]|<2}

={(1, 1), (2, 2),(3,3),(4,4),(5,5),(1, 2),(2,1),(2,3),(3, 2),(3,4). (4,3),(4,5), (5, 4)}.
Here (1,1)€R, (2,2)€R, (3,3)€R, (4,4)€R, (5,5)€R

= Relation R is reflexive on set A ={1,2,3,4,5}

~ Assertion A is true We know that relation R is reflexive if (a,a) ER V a EA

~ Given Reason R is false Hence option (c) is the correct answer.
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